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1.1 Fopie X

A linear representation of G in V': p: G — GL(V),i.e.

Pst = Ps * pt:vsvt €G

Vs e G,veV.

psv, p(s)v, sv 0545
1.2 Home(V, V') By X

two rep of G (p, V), (p/, V'),def:
Homg(V,V') ={f € Hom(V,V')|[Vg € G,v € V, p(fv) = f(pgv),ie.fg = gf}

(LA g BARERRE G PRI —DIoR, (BRI CR—FE) - IR
R 40T <2 -

Homg(V, V') # G-map, or interwing operator.

1.3 WiNHoniEir

two rep of G (p,V), (p', V') are equivalent or isomorphic or similar if
exists a linear rep f € Homg(V,V’)(1.2), denote p =~ p’ or (p,v) ~ (p', V')
or Vo~V



1.4 Bil: FHAoR
1.5 B IEWRR

group G, vector space V over C. |G| = dimcV = n. Let B = {e,|g € G}
be a base of V', define the mapping p by pses = e4s,Vg,s € G. Say the (p,V)
is a regular rep.

HBGHE p 24 G 3] GL(V) WS R g, h € Gio= ) ases.es €

seG
B,
PghV = Pgh Z Qs€s = Z AsPgh€s = Z Qs€ghs =
seG seG seG

Z AsPgChs = Z QsPgPrEs = PgPh Z Qs€s = PgPnV

seG seG seG
Le. pgh = pgpn
1.6 AR

(p,V) is a rep, if subspace W is stable under the action of G, i.e.
Vw € W,Vg € G, pyw € W, then (p", W) is the subrep of (p, V).

AT 23 [E] A BEM 5.

—A R G BIRIEBUEE GL(V) MR, it 1%
INEWRE |G AV BV LR ECE VX A2 (A2 SRR
W), AT ESE] WAERX |G DMREEARERLE WA, TR |G Ntk
A AET T DABR R W b, BRG] AR WOR WA e, R
N HHE G A GL(W) Xk, BN TFR.

L7 Bl ATl AR

TR —EAHETR.
(p,V) is a rep, W is a subspace of V stable under G, then there exists
a complement W° of W in V stable under G.

BB XA AR —4 projection $8 (HSLAH — P MAIE
f TR AT) . —4 projection p thME—Xf I —Xth=S[E], 735l ,

Img(p), Ker(p). projection (7€ SCUL R THIUEM 55—, GERA & M2 )%
WIS, 3058 BT IR 5 (4 52 379 )5 P00 B2 ] 25 ).



Pf: Let V.= W @ W' p € End(V), st. pV C W,plw =

projection). (iIXH 1 21§ End(W) g fE S5 AR . )

P = Zptppt

teG
Check p° is a projection.
1.
p’ € End(V)
2.
Yo e V,p'v = Zptppt v
e

1 (pisa

we have v € V,p;'v € V,pV C W,pp;'v € W,p,W C W (because W is

stable under G, t € G). Then p°V C W.

3.
|G| Z ptppt

teG

Vo e W,p'z =

We have x € W,p; 'z € W(because W is stable under G), pp; 'z =

Y2 (because plw = 1), pipp; ‘o = pep; 'x = x,p°z = |G| > x = x, Then

p0|W =1.

Now p° is a projection.

Then Ker(p®) is the complement of W in V, need to prove W9 =

Ker(p°) is stable under G.
Vg € G, we have:

0 -1 _ -1

PgP pq - ‘ |Zpgptppt pq
teG

Z paiDPy

tGG

:po

ie. pgp’ =p'p,, Vg € G. Thus Vv € Ker(p°),Vg € G,p°(pyv) = p,(p°v) =

py0 = 0, we claimed p,v € Ker(p°), i.e., W = Ker(p
EHUESR. IR Ak ) i 1555 —EH].

%) is stable under G.



FLFI 52

A Id: HER (Direct Product) /K /K (Cartesian Product):
MEAE TR, G —E BG NG, RESH RS, L
WA LRSS (anmEasiE) , MR SR R /R B AT 2tk 451
BN 2R To FRA ) S R R R AR, I -RRBR A AT g — 28T &,
XLETTE P TR HEZ AT,

HAN (Direct Sum): A LML S A BEE LEF. P& 25 (0]
VR W, BLER—ANME F B (e —NMES, IEEeRw
ASEF, AT )V 6 W RPN R A, 6
AR S V@ W RIA VRS W RIE-R/RE,
e SO

Av,w) = (A, \w),
(v,w) + (V' ,w') = (v+ v, w+w).

W TCRRA ) RS RIMCE R, WE—DNEM = A AR E
TR (A7) .

KT HEMWAEE, MRARRHAEHAX, dm(W @ W) = dimWy +
dimWy, BEMGMEABRZEMAARE, —PERPHA T ENE
MR BEIERETREN, than 3 dema s ml w4 2 4872 e AE 4
Y zSIa), AR ELAN R A L ELRA RE MU B AR BT B 4,
25, 4e8omis LatfT T

PSS [ A . BASZS IR e R A s s 1) (i

HARZEORAERN, 4EEFAEN) 2 B s, HEAra
M) .

WEA: W ER, BERSEME—NF (EERANZRNZ A ST
) . FEm, FroAtEsRERn, — AR — AR AS A5
HNEF.

SNELAN: ATRE A RESREMONE R, X bR, Hste®m =k
JRFE. SRS 2S ()R BB EL A, AR N ELAN S AN E AR (—
F) . Lhs BRI TR E 2.

BRI A TR 2 > R AL

HIEEE, B
MR




1.8 Pi#om

space V, inner product ( , ), rep (p,V) of G, p unitary if (pyv, pyw) =
(v,w) for any g € G,v,w €V
WERAEREE AN () TR IR &IE, AT EfEN
B O — M R RN BRlE G, 2w (m, V), W ( , ), &
s, )
(00) = 7 D e ),

geG
1
(Tsu, mv) 2@ Z(ﬂ's(ﬂ-gu)a s (mgv))
geG
1
- @ Z (ngu)vﬂé?gv)) = <u,'u>
sgeG

Th, 7 unitary operator, %5 H unitary matrix 7, ~ U, (C).

TV EIL: PTP = P*P =1, then P ZPMi[E. (P FRilEiE
JERAN TR B IE 5L )

1.9 FommEm

RN B E T AR EM, e —RTeTEl G MEEE GL(V)
HICRMVER T RUE.

[l — N SRR B B X MR - two rep of Gt (p1, V1), (p2, Va),
p1Pp2: G — GL(V1@V3), by viewing G as the diagonal subgroup of G x G.
XA R R T AL RN, IO X EAEA (1.7) Q2B EE R
RS, B2 Vi, Vo A—EREAH .

HARH U2 -

Vi@ Vo = {(v1,v9)|v; € V;}
Av1,v2) = (Avg, Ava)

(v1,v2) + (v}, v5) = (v1 + vy, V2 + v5)

(/01 @ pQ)g(Ula UQ) = ((pl)gvlv (,02)97)2)



BIEE 2 —FR (1.1), Y(v,vw) e Vi@V, Vg,he G, f:

(p1 ® p2)g(p1 @ p2)n(v1,v2) = (p1 @ p2)g((p1)nv1, (P2)RV2)
)g((p1)nv1), (p2)g(p2)nv2))

)ghV1, (P2) gnv2)

((p1
= ((p1
= (p1 @ p2)gn(v1,v2)

I s R[] B 2 B BRI XA B R R B et &
~: (p1, V1) is a rep of Gy, (p2, V2) is a rep of Gy. ELAE XN :
Vs, € Gl,SQ & G27'U1 & ‘/1,1}2 eV,
P1 D p2: Gl X G2 %GL(%@‘/Q)
(P1 ® P2)(s1,52) (V1,V2) 1= P14, V1 D pa,,v2

1.10 An[ZFon

(p, V) is irreducible: V' # 0, V have no subspace stable under G except
0,V.
AW AR R A BT R ER.

AL HMER— T 20 W, #EAE— MR ITR g0 FI T
R — A wo, 15 pg,wo ¢ W.
PR 1 4SBT 250, BrARTA 1) 1 REERHfe AT 29

111 Bl g —AFoREBREA T LR
We proceed by induction on dim(V). {#HEH (1.7).

112 PAonisk M
Recall: Vi, V5, V| vector spaces, denote
fVixVo—=V
(v1,v2) = f(v1,v2) = v @ vy

called the tensor product, if satisfies:



D z, ® @5 is linear in each of the variables z; and 5. tHELZUTF =
%
AMv1 ® va) = Ay ® vy = V1 @ \vg
(V1 4 v}) ® va = v1 ® V2 + v} ®
U1 ® (Vg +vh) = v1 @ vy + v @ V)
@ if {e} }7_, is a basis of V; and {e7}72, is a basis of V3, then {ej®e3|1 <
i<m,1<j<m}isa basisof V.

XA 2 )R A LR B SR ME—RY (fFlk)

iy Eid:
ZEEMAEL, TARKER, EnJUT. Bonie. &1 h
HEZNHA.

LMEWL: SRR SRR AR, AV =V R
Ala+p) = A() + A(B) Va,B €V,
A(ka) = k(A(w)) Vae V,k e F.

ZEAMENYT: 2SR R RRE] 2 B B L. A Vi x Vs x
WX Vo= W, W Ya,,8, € V,i=1,2,...,1,Vk € F,

A(ag, ., + Biy ey a) = Ala, oy @y ooy ) + A(Qqy ony Biy ooy 1)

A(ag, ... ko, ... a) = k(A(ag, ...y ..y ).

A o S AR A2 ) PR TE.

1.13  FoRmsFiEhs

(p,V),G,p, € GL(V), abasis (e1,...,e,) of V. py(er,...;en) = (€1, ..., en)A,
A e GL,(C), trp, := trA. Denote x:

Xp: G—C
g trpg
B G —1Fm (p,V), WA DR x,, BEREEER G, |
R EHOE C, ZAREIERIR p HYRHEAR.



1.14  ¥¥AEkRNG 5 2R

(p, V), (m,U) of G,dimcV = n,dimcU = m.
D x,(1) =trpy =trl, = dimcV =n.

@ Xp(s71) = Xo(5)
Pf. Vs € G,|G| =m,s™ =1, (ps)™ = psm = 1. Let \; be a eigenvalue
of ps, then A" = 1. [N;| = LA\ = XA, (N, x,(s71) = trpe—r = trp;t =

n

;A;lzz/\izﬁzxp(s).

i=1

FAYZEIL: If A has eigenpair (A, v), then AF has eigenpair (\*,v).
Pf.
AFy = AP TAv = AP = = M.

@ x,(t7tst) = x,(s),Vs,t € G.
PL. Xo(st) = trpa = trpspr = trpyps = trpis = X,(ts). (irAB = BA)
@ Xpaor(s) = X,(8) + xx(5).(1.9)

TEIL: (552 n+m BRHFEK Trace, A2 n 4R
i) Trace fil b m 4EREIGH) Trace.) J2IXFEAT IEEFHHER.

® Xper(5) = Xp(8)xx(s).(1.12)
Pf.

1.15 @& Schur 5|

[l — MRS R AR AT 4308 2 1) (A s hZE) HE%
AR G-map; BER—DARTARREESR, HOHHC GGk
A /£ G-map.

(p*, V1), (p?, V) are two irr reps of G, let f € Homg(Vi, V2)(1.2), then

1. f=0if pt £ p2

2. f=Aly, if p' >~ p>. Ay, & Vi ERBORAE:, I, Vi = Va, p! = o2
i.e.,
0,p" # p?

dimcHomg(V1,Va) =
Lp' >~ p?



Pf. 1.Suppose f # 0. Then Ker(f),Img(f) are stable under G,
i.e. invariant subspace.(Vz € Ker(f), f(piz) = pif(z) = pl0 = 0, i.e.,
plx € Ker(f),Vs € G, Ker(f) stable; Vo € Img(f), 3w,z = f(x0), p?x =
p2f(zo) = f(p*mg), i.e., p?x € Img(f),Vs € G, Img(f) stable.)

Since (p', V1) irr, Ker(f) = V4 or 0. If Ker(f) = Vi, f = 0, so
Ker(f)=0. Similarly, Img(f) = V2

Hence f is bijective, p' ~ p?, confliction.

2. fpfhse

1.16  #Eig 1: XAy A°

irr (p', V1), (p?,V2),G, h € Hom(Vl,Vg) put
-1
|G| Z pt hpt7
teG
then (D if p' # p?, then h® = 0; @ if p* = p?, Vi = Vs, then h° = trh

Pf. f#b5E 3.7 10:54:19 T4l )7 4 B

dsz

117 XAV G — C e rats BRI In] %2 1]

L(G) = {f G — C,all these functions}
1.9 = 17 Zf (t™g(t), f.9 € L(G),

te@
then (L(G),( , )) is a vector space with inner product.

T X HY fOREERRR, ARTEEARR R4 @ 4%,
FATREESIE
9 =15 |Zf

teG
1M FLRFEAR P L. 14 i QAN QXS SRR Bt J8 i (X — i L]
R %2 F 2 THRHMEAR AT DATK SRS pR =S 0], 1.25) , RExS T
R OMUBURFFAERR) . ARG, T A s gt L
R XA T, ARG E SGLREHEE, J5 T 75 528 5
(1.37) R E S, RAETIR LSRR 28 o B Se i 4~ 145
fy, AEJEIRE E SCAEAR BLgl 7 (i — L.

10



T XTHEL 1 F(Cor R) RRymESR V, WEE N
— B, VXV o FL g

@ HHFR (z,9) = (y,2)

@ ME NS (az,y) = a(z,y), (T +y,2) = (z,2) + (y, 2).

@ LEEM (z,2) 20, FSHLHHMNY z=0.

TR RTAFIRMERERR C FRERR C 2Rl C B3R 50,
Ry

1.18 L(G) W &mBIT, M p, & L—L p;
FHIEAR x, W2 G 3] C pyeR%h (1.13), B L(G) FRITE.
pg 1ER V' B, AAE R — MR py = (pii(9), T2
g+ pij(g)
ke L(G) HIER.

1.19 wl: X1 (ki) L(G) s c i
two irr reps ¢, p, non-isomorphism, #% FAHELMERHRE 1R 4
©: G = Un(C)  p: G = Un(C)
g (#i(9)) g9 (pij(9))

U,(C) MM (BUrE)s, #1.8% Xifm&Eash V. _ERHERRITT), fA4
©ijy pij BRELITHE LHIREL (1.18). Then

@ <90ijvpkl> =0,Vi,j, k,l
L ifi=k =,

@ (pijs o) = "
0, otherwise.

R () BLITHE SRR L(G) AL
Pf. 58 BRAYIERA A 55 2 2R T PR f] B A 5 | B

11



KT REFA L i — 2 W2y 5 1B

A€ M,,,(C),B € M,s(C), Ey; € My,,,(C), where Ej; is the m X n ma-
trix with 1 in position (k,¢) and 0 elsewhere. Then (AEy;B)i; = (A)(B)i;,
Hrp (AEwB)i; R rx s Bl AEy B W55 L4750 § SIMCR, (A F£
A~ xom R A RIS DATES B AIRICER, (B)i; #Fm nox s Bk B 1
554 ATH SO,

N—A5]8

Let ¢: G — U, (C) and p: G — U,,(C) be unitary reps. Let A = E},; €
M (C), and A% = %:Gpg_lAapg. Then Aﬁ = (Pkt, Pij)-
g

Pf. pg_lAcpg R m ox n BHERME, HI

1 _ 1 _
AL = (g s Aol = (g7 2 Evse

geG geG

1 _
B 1G] Z(pg " Brivg)ij

geG

i TSI -
—_——— @ szk(g 1)%%‘(9)

geqG

A, meg 1 —
— € > oul9)eii(9)
geG

1.17
B <sz7 ﬂPz‘j>

& EHL19EW]

Pf. @ If p % p, then A% = 0(A# )& X 4£1.19), then Af; = (pu, pij) =
@ A* = (LtrA)I = B ] then

trEy; i ifi=k,j=1

<<Pija<sz>:Af;:( - I)lj—{

0, otherwise.

G, EEEET

12



1.20 B $RAERRN IR R &

(m, V) and (p, W) are two irr reps of G, then

1, ifm~p;
(Xr> Xp) =
0, if w2 p.

Pf. Vs € G, my = (a;; (5))(1.18), xx(s) = > ai(s). Then

<X7raer> = <Z aiivzajj> = ZZ <aii7ajj>

=3 (mi ) :”%2 1

i=1 j=1

LIl X BB AFSRENNBRE— S0 Lk, H
PSR R W IR R (1.17), BBLBVE R . 56
AT AR B ERLI9Q. m# p WFLLFEEA 1.190 B
AJUER.

1.21 @B a2 oRiry i E B e PO, R — A iR
(m,V)isarep of G, and V = n,V; @ ... ® n,V}, where {Vi,...,V},} are

all nonisomorphism irr reps. Then xv = nixv, + ... + naxy, (1.14).

h
<XV’XV}> = <n1XV1 + ...+ nhXVh7X‘/j> = an <XVP7XVJ> 1.20 n;
p=1

Thus (xv,xv) =n} + ... + ni.
Corollary. (p,V) is rep of G. (xv,xv) = 1iff (p,V) is irr.
—:
Have been proved in 1.20.
—:
h {1, if i = p;
xvixv)=1 = Y. n?=1 = 3lp,st,n; = —
=1 0, ifi#np.
V=V, = (p,V)irr.

13



1.22 &#24
3.711: B2 i FWIATR, L, ZETWA

1.23 & [EWFIR (1.5) 5 i B

group G, (R,V) is a regular rep. (p;,W;) are all irr rep, and R =
NP1 @ ... ®nip; & ... ®nppp (V=W & ... &n,W; B ... ® np,Wy), then we
have n; = (Xr, X,,) = degp; = dimcW;.

TSI 30R H BIAE TR R N 058 TSR AT YRR 9Es.

Pf. X2 P18 i, X—idZHAFIFE— 1.

1.24  ReABE R I A ]

G — CRR—DIEH, WEREE G ARy e s A AR i s 8, B
f(h=tgh) = f(g).
Suppose that C1, Cs, ..., C}, are distinct conjugacy class, denote

1, s e
fi(s) =
0, otherwise,

then {f1, f2, ..., f} is a basis of the space of class functions of G.

1.25  AREOr IR IR A B TR LS R4~ Boe B

(p,V)isarep of G, and V = ay W1 @ aaWo @ ... & a, Wy, x; is the char
of (p;, W;). Then {x1, X2, ..., Xn} is an orthogonality basis of class functions
space(1.24) of G. i.e., h =k (, where k is the same meaning in 1.24)

N, BB EORE— o #ARZ 0.

JElE—A Rk B 5 B
(p,V) arep of G, f a class function of G, denote py = > f(t)pr (B2—
teG
LM, FUAER |G| AN AR A ).

14



If (p,V) is a irr rep of degree n and char x,, then p; is a homothety of
ration A given by A = L€l =T, Xp> (MHEY, prv=v,v e V)

Pf. For any s € G, pslpsps = ps‘l(t;;f(t)pt)ps = géf(t)ps—lts =
pr, e, pr € Homg(V,V)(1.2). By schur’s lemma(1.15), we get py is a
homothety and

An = trpp = f(t)trp,

teG

=5 f ()

teG

=L |G|(f, x,)

e B 25 UEW]

Clearly, (x;,x;) = 0;;(1.20), only need to show that Vf as a class func-
tion, if (f,x;) = 0, then f = 0.

Tl mEasmE Vv, ABECH (, ), A4
{e1,e2,...,e:}, W (e, €5) = 0i5. 5 [Vv € V, (v, e;) = OX}Ve; 5L =
v =01, WXHmE {e1,e2,...,e;} —ER=E] V HIH

Pf. Seib XA ELMETo K. & ke + kaea + ... + ke, = 0, AT
veV,0=(0,v) = (kiex + kaea + ... + ke, v) = k1<617v>—|—]{72<62,1}>+
oA ke, v) AL 4% v =e1,e2, .. e, (B k1 = ko = ... = ky =
0, Bl {e1,eq,...,e:} LRIETCHR.

FRHIEX A &K= EgE V, BV LR ITRE A DA X 4 m]
#RE. RIEE. H5H8 v e Vv ¢ L({er, e, ...,et}), v =v—
(v,e1)er — (v, ea)ea — ... — (v, e)e, WIATPATTEH, (V) e;) =0, XL
e T, BV AIRAH & {e1,e0,..., 0} PR,

To show f = 0, we construct p;; = > f(t)pi, = IS |(f Xp:) v =0,n; =
dimcW;, as (p;, W;) is irreduciable( 1.2;)6)61 then py = a1p1; © azpe; © ... @
QpPhy = 0.

Consider the regular rep (R, V”')(1.5) of G, {e;|t € G} is a basis of V.
We have 0 = Oe; = Rye; = Z f(t)Reer = Z f(t)es, hence f(t) = 0 for

any t € G (IXRHH {edt € G} ek, ﬁﬁ%@%?&) . le, f=0.

15



B Il: XHIK dimeV' = |G|, X (p, V) B V BHBA X
AEOR. ZFr AR AB R RN, REOAREH MRS G
R, SFRIER MXEZPrAFEIENER, 2 NTEL23HH
IAEENZR R P AE TN G WA ARTARR, 2W—1%
A ((rho, V) B2 (R, V') HAEE, BHEMEIA KA 4RR
((p1, W), ooy (P W) ) s HF—A3RIRER AT AR 3 iR K L7 ) LA
HERH o AFME (IEMFRPIET 88— o #0), MIRAEE
EHB SRR AR R AFIR LS, BT AT T BT TR 6 T — ik
HES (o, V), JETHCA TALBI N T MR, SR —IF
Ul LA AT I W2 A e 2 i A B 5K, (R Bl T —
R

M R TFATAFIR N EOR AR — L, AT A R, 3t
PERABORA IR, ARSI L@ IR ALL.24, XA PR
AEAR IR T B R B E]. AR E A RBRHAERS DE %S, A
AN AT A A R SRR, 15 TS RATIERE, X2 P o
REHERM AT, fTIERRFAXET 1L AMALESR. Hk, 17
ALK, WL, XTEEFRR, B oA TR SR A 73
TrAME—Y, —IEXCH RS, TR A XA R AT
FIR.

XA EEMEIEAEREE R e T, ESERRATATIE A I 43R L
SRR IR AL, RIEFRNT R FEA /T 42R AR A
e A PRI IR B AR AT 2 T IR R S BT AR AT 5%
7, BTPAIE A T A2 ToBRZE [ 2SR, G, i) ok 6
BRF— T IR & A A 4157 2 8 AERIg !

1.26 R FARERE B — XA

KRB o € Cis called algebraic if 3f(z) € Z[z], s.t., f(a) =0. FiF
Ry Q.

R E: o € C is said to be an algebraic integer if there exists a
monic (5 11) f(z) € Z[z], s.t., f(a) =0.

AR — RARBEEEL (0.6), RECEEA—E A (V2) .

16



REARBOE B AT P S B B B

If « € Q is an alg int, then o € Z.

Pf. Let a = g, (p.q) =1, p,q€Z.

Af(z) = 2" + ap_12™" ' + ... + a2 + ag € Z[z], s.t.,

flo) =2 +a, 1B + .+ ai 2+ ag = 0.

P+ a gp Tt + .o+ ai¢" tp+ag = 0.

which implies ¢[p™ (EFE—TE T, HEMMEES4H), then glp,
then ¢ =1, a € Z.

o (REBCBEBCEI S Zo] RATRRADRES (AR abel B)

« is an alg int iff Z[a] is finitely generated. Where Z[a] = {f(a)|f €
Zal) (LR T)

Pf. =: suppose « is a root of f(z) = 2" + a,_12" ' + ... + ag € Z[z].
Hence " = —a,, 12" ' — ... — ag, we get Zla| =Z B Za ® ...  Za™ .

<: suppose that Zja] = Zxy @ Zxs & ... & Lz, s.t., ax; = Y a;;xj,
j=1

ie.,
I a1 e QAp X
) 21 A2y, )
« = N

Tn Ap1 - Qpp Tn
T
T2

(Oé[ — (aij)> = O,

Ty

lal — (a;)| =0, f(z) = |zI — (a;;)| € Z[z] and monic.

& BB —A R

7 = {all alg ints} is a ring. That is if a, 8 are alg ints, then a & 3, a3
are all alg ints.

Pf. Zla],Z[f] are finite generated abelian group (or say Z-mod). Let
{1,a,...;a™} and {1,0,...,0"} be basises of Z[a] and Z[f]. Za,[] =
{f(, B)|f(z,y) € Z[z,y]}. Then {'BI}j,"_ are a Z-basis of Z[a, f].

17



Clearly, o £+ 8, a8 € Z[a, 5], then Z[a £ (] and Z[a5] are two abelian
subgroup of Z[a, 8], then finitely generated (5 FRAEA, abel B FHEAH

HIRARH)) . Hence, a & 3, o8 are all alg ints.
FTWEIL: XHAFEHEEARAN, AEARETHR, Bnfd
R

1.27 & BERORIFAEbR AR TRBCR 8L

group G, rep (p, V'), char x, then x(g) is an alg int for any g € G.
Pf. x(g) =trp, = >\, every J; is a unitary root of 1. A\7* = 1, where
=|G|. 2™ — 1 = 0 monic. Use 1.26, x(g) alg int.

FEIL: Hfha N RERAAR?

1.28 HHUE
LI RECR I — A mRZE ), i — SRR, dte—

MESR, AHSIME, ARk, Hork (BRE—TEHTER) =
Pz, INTRABR 2 1) 2 ) B, A AN AL M 2 B

# G (|Gl =n), Fm (p, V). FATE T myE=sA C[G]: #EP IR
etk (n DRI XA E) , []:{Qﬂﬁ%eC%%ﬁhiﬂi

) CIG] H5tEse n gEmias(a), PIA ThAmEs. &A1HE X —1EH
EANIE S Q: )(Z@) >, 2 ashist = >0 (3 asby)u.

seGteG ueG st=u

HHRIE, L%E—AﬁﬁﬁT

1.29 BB R4 M e Wi

P ClG] A G2 —A =], BreA—T AL S o R 25 1]
(V =CI[G]). HERB —FHFR p:

p: G— GL(V)

g+ py

18



y
+

pg: V=V
v= Zass > pgU = Zas(gs)
seG seG

RAFRHIR—DNIEMZIR (L.5), AT IuE kN
—ZHBLIMT L. AR HORE B S AL SR A o 2 B 5 1) B =S 1) B SORIE 2
— R, EAR ERETHY.

1.30  AalZFTRi—A X ARBOR By 5 [ 1

Let (p, V') be an irr (complex) rep of G with its char x, then de(g;))lx(g)
is an alg int where C'(g) is one conjugacy class.

Pf. two rep of G: the given irr rep (p, V) and a regular rep (R, C[G])
(C[G] is defined here: 1.28). R = nip1 & ... ® nppp, = (degp1)p1 & ... &
(degpn)pn, C[G] = niW1@...&n, Wy, Since (p, V) is irr, there must 3i, W; =
V,ie, V CC[G].

Denote ¢ = >, ps € Hom(V,V)(or say GL(V)). For any ¢ € G,
s€C(9)

we have p;,lwpg/ = Y pg-1sy = @(s in a conjugacy class C(g), then
s€C(g)
g'"'s¢g’ must in the same conjugacy class C(g)), i.e., gpy = pgp, ¢ €

Hom¢(V,V)(1.2). By Schur’s lemma(1.15), we get ¢ = Aly. And then
Adegp = Adim¢ V'

= try
= Z trps (tr(A +B) = trA + trB)

seCl(g)

C(@)Ixp(g)  (xo(s) = x0(9))s

then, \ = |C(9)|Xp( ).

degp
Consider the linear transformation ¢ on C[G]: ©» = > R, € Hom(C[G], C[G]),
teC(g)
and Y|y = >, Riv = >, pr = ¢. For any 0 # v € V, we have
teC(g) teC(g)

Y(v) = p(v) = A, i.e., A is an eigenvalue of .

Let M be the matrix of ¢ under the G-basis (¥t C[G] 1E M &
ZS[RIPHRLH I ) , then f(N) := det(A] — M) = 0, f(x) is a monic poly with
f(A) =0. Hence A is an alg int(1.26).

19



L 5 XA R BTSN, AR R — R

1.31 &P Emm g B BB I B e 2

group G, irr rep (p, V'), then degp | |G].
Pf. Suppose Cy,Cs, ..., C), are all conjugacy class of G, and g1, ¢, ..., gn
are representatic element({CF 0, FIERFEGHE T).

1= <va Xp) (irT)

= a1 2 o

qEG

1 PE—
=G Z 1Cilxo(9:)x0(9:)
i=1
hence

Gl =" 1Cilx,(9)x,(9:),

i=1

G "

degp Z degp " Xo(9)X0(9:) Z

)Xo (9i)s

by the above lemma(1.30), dengP(gl) is an alg int, x,(g;) is an alg int(1.27),
it follows that dle—glp is an alg int(1.26), and then it is an int(1.26).

1.32 s e Bt
e, RURA G AR IE.

1.33 FSER

(p,V) of G, H < G. Then we have p|y. W is a stable subspace of V,
s.t., (pm, W) is a subrep, p|g: H — GL (W), denote p|g =: 6 =: Res%p.

Let s € G, there must exists r € R, h € H, where R is the H £ G
W ZERE SRR, st s = rh, then pW = p W = p,pp W = p, W.

Then for Vg € G, p, (psW) = pgsW, and there must exists a r, € R
and hy € H, s.t., gs = ryhy, then it equals to p,, on,W = p. W. Thus

20



V' = @ p,W is stable under G(because Vg € G,v € V', p,u € V'), ie.,
reR

(p, V') = (p, D er) is a subrep of (p, V).

rcR
Now we define: (p, V) of G is induced by (0, W) of Hif V = p,W.

r€ER
Set p =Ind%0, or V = Ind§W.

And for sure we get dim¢V =[G : H| dimcW.

i N
Regular rep (p, V) of G, dimcV = |G|. a basis of V: {e;|t € G}, pser =

€5t
H < G,W = span{enlh € H},0 = ply, while 6,,e,, = enn, €
W,¥hi,he € H. Then (p, V) is induced by (6, W).

1.34  FESIEEmE—E:
—A-g 18

Suppose that (p, V) is a rep of G induced by (8,W) of H < G. Let
(¢, V') be another rep of G, ie., p': G — GL(V'), and let f: W — V'
linear map, s.t., f(6pw) = p) f(w) holds for all h € Hyw € W. Then 3!
linear map F: V — V', st., @ Flw = f, @ Vg € G,Fop, =p,oF,ie,
Vg € G,v € V, F(pyv) = py F(v).

i.e., we have the commute graph

holds for Vh € H, g € G.
Pf. ERH UL R TR PSS

SIBLEW]: WPk (WCRAFAE, TeE—-)

XRWFFS, oM EGMBECRrA s, — M.
Ifz € psW, then p;tx € W, hence F(x) = F (ps (p; 'z

_ p;ll’GW,F‘ :f _
pl o F (p;le) ==—=—===pl f(p; 'x).

)) IR FAFTE
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This formular determines F' on p,W, and so on V. This proves the
uniqueness of F. (L@ ARAFAEXFER F , B8 F 18 pW X230 L
Bl EE T E Bk T MY Vo2l Wi R,
Wit V=@ pW , TR FAEENV FEAMSEME—ERNT.

SER
)

SIBER]: fA{EYE

V = @ psW,z € p,W, we define F(x) by the formular F,(z) =
SER

pLfpi () € V.
This defination does not depend on the choice of s in sH. In fact, for

_ IR s lzeW,plw=0

any ¢ € H, we have Fyy(z) = pl,fpi(z) = plolfor oy M) Lo =t
1 fOr=p,f 1 _

pup [0 o (@) ==== pl 0.0, ps*(x) = plfpst(x) = Fila).

Now we have Fy: p;W — V' and V = @ p;W, there exists a lin-
s€ER
ear map F: V = @ p;,W — V' which extends the partial mappings thus

s€R
defined on V.

(Need to check for (D and @), left to homework.)

HE A ERYSIILE

@ #rgoate ERARB A G — ATl F Y 5E TEEAS FoorpW — VY
XL ST fo: p W =V = G%PsW, A Fofs=F,. BseH kit
7O N

@ MEZveV, 74 s € G, fliff v e psW, ie., Jw € W filif5
v=pgw. ¥ Vge G, —& Ir€ R,he H, ffiff g’ =rh. TEENTA

F(pgv) = F(ﬁgPS’w) = F(pgS’w) = F(praw)
= F(p ) LEELEEE F(p, 0y)

5 X /o — /
ZBEL ) For (pobhw) = plf (Ohw)

feh:P;Lf YN

pronf (W) = prp f(w) = ppg f(w)

For15E 3L

= P f(w) = plpl fps' perw) Py Fo (psrw)

psrwEP WK
= p F(pyw) = p,F'(v)

RO T @
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VAR A e — P B JEIE W]
H < G, rep (6,W) of H, then 3 (p, V') of G, which is induced by (6, W),

and it is unique up to isomorphism.

B ERYUEN] (Page30) Fihst. X HURAE T EAYIER, &— Mk
PR, (RE SR ERIIER.)

Pf. SEIEAFTETE.

MMEE— s € R (R 2ZEKSE G/H BfifiERITsE) , BAME—1
WA W, BRET W, BIRATUFE N, SRR XAt — s (G2
W fe T, AR—Mls, WEEMEY):

fo: W —= W,

w = fow,

FHCV = @ W, WV dg—AJ0HK v \IAME—G v = 3 fows, ws €

SER SER

W MIE. SMER 2 € G, —EfFHE h € Hyr € R, ffif§ xs = rh. FATE
X W, BRI G HITE = M XL p,

plfsws = frehwsv
B X H A FTA I R

0: H— GL(W) 0,: W =W  p: G— GL(V) ps: Wy —> W,

h— 6, w — Gpw T = Py fsws = frOpw,

f: R — Hom(W,W,)
r— fr W —=>W, fo: W — W,

s fs wy = frw, we — fsws

NHEM, pore fows = par po fsws.

XrEE o e G, —EMHFME N € Hyr' € R, it o'r = o'I/, Ml
(2'z)s = 2/ (xs) = o' (rh) = (x'r)h = (r'A')h = ' (W' D). T&,

Para fsWs SeeiodUion JrOnnws = frrOp Opws,

P pefiw, par FrOnwy = 0w,

TRIEXFEN p Wi L THE G fEmESE V EWEERR, A
#.

zs=rh
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ME—. & p' 1 G — GL(V') & G 75— 0 R &ERmR. Wl
dimc V =[G : H|dime W = dimc V', FAT L EEHAEAE LG F: V — V7
{5 F‘W =1lw H Fop,=ploF XTATE € G O, T EIER s | 3E1.343
WIS F RS IRA R p,(W)(s € S), Il F 2By

RS

PRI X B SR SR A . TER e f AR W
ey, HEAMAT4/E V =, Rl raEnEE L vV
YA

1.35 V5 ARM R AEbRBIE Bl
(p,V) is induced by (0, W), their char are denoted by xv, xw. Then
for each u € G,

1

xv(u) = Z xw (r~tur) = 1H| Z Xw (5™ us).
reR seG
r~tureH s luscH

PL JE— A4S R AN, HEERE |R| = (G H) = |5}, THIES
—EET

For any v € G,3r, € R,h € H, s.t., ur = r,h, we get p,(p,W) =
purW = pr,uW = pr,ppnW = pr, W and

xv(u) = try (pu)

=" Z trp, w (Pulp,w)

reR

<= > xprw(U)>

reR

=" Z trp,,.W (pu|p1vW>

rER
r~lureH

ok Z tryy (eh)

rER
r~lureH

= Z xw (r~tur).

reR
r~lureH
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F L tr HE R A EIRN, XN T I
AR R A AERR A S A)_E R 17 HIX AR 210 T A ic 5 — E AR tr
AIEESRY, X AR T S R TN T S

HAGBRB V= @ gV, W (o) = W AL,
pu e AMTES oW EIFASE] p, W HGLAEBRST, v 7 R I ., 4156
5 R, T2 oW, oo W AMBERETT V B ARG 250, T2 o
LEFAT R 2RI ol WM TR THA V04 s
o KRR B T

SRR AL TR r £ v, 38 oW R p W AR
AR, TR R, P T2 mi 24 0, T
5 pu AETZ0 0, W FRIIRE pul,w — R B, B
B DAL R A AR AR v, — ¢ (OHSSY, HIRABER
puprW = p,W = p lpupW =W = proryy = pr, FIPAZIN— PR
Kk rlur € H G T-BE 2R

ook A RREY e € H WA pulpw = poonspw =
(0ol )0 (0 o)+ ST DRSS . S50 A RS PP AT
{25 EIE B

1.36 FnSHBGRIEHK

R is a ring, M is a abelian group. M is said to be a left R-mod, if
satisfies:

D r (7’2m) = (T1T2)m§

@ (r1 +ro)m =rim+ rom;

@ r(my +ma) = rmy +1rms ;

@ 1m =m.

where 71,72, 7 € R,my,m2,m € M.

Now rep (p,V) of G, p: G — GL(V). Vf = 3" ay,9 € C[G] (1.28), we

geG

define how f act on V: for any v € V, fv = (Z agg> v= Y agpsv. We

geG geG

get V' is a left C[G]-module.
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T C[G] BAVEURTLAYMIRZIR, V iR 2SR B A Y K2
Abel #f, XHHFTIULEIE P A H:

O filf2)v = (fif2)v (frfo RAEREAEL 1.28 e LT IHFRE.);
@ (fi + f2)v= fiv + fov;

@ f(v1 +v2) = for + fug

@lw=v (172 GPRpios, BHers CIGl 1 RE G WAL
TCAERELRABA ) )

W V27 CIGIEE, aIAES], CIG] X BREMGHR T G %

N, MR R RS R AR RO AE BT (0, V) 2 G 193R
i, WICARRAEDL V 222 GL(V)-B, B[] s )2 % ) i s a) L2 piAs
BREL, p: G — GL(V). TREATMN AIEZORRIBREFEA, FHrFon
(Frzl)) 272 (BRE)-B, THRRETH, AWAFRR2HR, (B
{52 SCRTCARF L TR ), — S FIR B AT YR 70 A 2R B ) 1%

LIl XA 1.29 X4, 1.29 Jo24E C[G) BiER
ML, ERERMENFRERE, BOENFRRRG]; X E2E
C[G] BIER, FTFRpa W Egkacs, Tit—22 B, A
THZ C[G] R . T EX X RN EAMESR (AR
EMFR)

1.37 Frobenius & JZ Pk

rep (,W)of H, H < G, rep (Indflﬁ, Indi) of G, v is a class function

(1.24) of H, ¢ is a class function of G. Then, we must have (inner product
see, 1.17)

(¥, ResGo), = (Indfep, ¢)
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Pf.
RHS = |(1;’| Z Ind%e(s~1)e(s)

(;Z w%%mﬂ

teG
t~ s lteH

= T 2 v s el

seG teG

L 1
:@Z

seG

= 7 2 el

seG

ﬂ;ZMﬂM$

seH
= <¢,Resgcp>H
FEE AN, BN Y BEREREL Lt sTH) = (s, EARTXHME
Bte G RO, HEAME T sT it € H M—ILIFBIFA A | H A
me?
R EANES TN ¢ il T RRE S E Gd R, DU TETE

1.38 Mackey B

T2 Id: WL (double coset): K, H < G, MEZ v € G, = 1y
(K, H)-WUE%E KaH % SChER

KxH = {kxh:ke K,h € H}.

HoH AJEER AP « 1) H-OFEE. gy (K, H)-XEEEICE
K\G/H (& B BRGS0 SCHffi s 7, R o A G
WS {KzH}, oo ) TARZRELN, EEM AR ES
K\G/H T, HXMETFERIANEERNARTRRASA B XK
Wi, BAITEUIRERM AL G B — 0k, Ml 12 AMss, A
AEZ, BRI G

H,K < G. We must have G = |J KsH, where S = K\G/H.

seS
O (p, W) of H (< G).
@ (Ind%p,Ind5W) of G.
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For s € S, let H, = sHs ' N K, clearly H, < K. Define p* by
pi = pe-14s for Vo € H, thus s™'zs € H, clearly for Vz,y € H,, we have
Pay = Ps—lzys = Ps—lzss—lys = Ps—lzsPs—1ys = PypPy, thus we have another
reps

@ (p*, W) of Hy (< K < G).

@ (Indgsps,lndgs W) of K.

Mackey subgroups Thm:

Res{IndW = € Indj W,
seK\G/H
EAE IR PO IR 20N, W — AT o (ol 3%
AR FFRR A S — AR ) RME B, T E AT DA R A
gt

Pf. Let V := md§W = @ (Ind$p) W, where G/H is a set of
x€G/H
representations of H on G. Denote for any s € S = K\G/H,V(s) :=

span {(Ind%p)zWLr €eKsH} = @ (Ind% p), W, claim that
rcKsH

@ V(s) is stable under K ;
@V =@V(s).

ses
@ is easy to check because if x € KsH, then Vk € K, kx € KsH too
for K is a subgroup.

NS, 4.11 100 57

1.39  5SAom A nl 2Pk 50 i

H < @G, rep (p,W) of H, induced rep (Indflp, IndeW) of G. Let
H, =sHs 'NH for s € G then we get H, < H < G and we then have rep
(Resgsp, ResgSW) of Hy.

The induced rep (Indgp, Indi) of G is irr iff:

D (p, W) is irr; and

@ for each s € G — H, the two reps (p*, W) and (Res}; p, Resyy W) of
H, are disjoint, the first rep (p®, W) see, 1.380.

Pf. fFfh7E.
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1.40 Artin g3
[RsE-3%
G is a finite group. H < G, rep (p, W) of H with its character x,.

p=mip1 D ... mppp, where p; are all irr reps and their char are x1, ..., x5.
rep (Ind$;p, IndW) of G with its character Indy,.

Indy,(s) = |1.1{| Z Xp(t™'st)

teG
t~lsteH

= 7 (s

teG

s), s € H;
where X,(s) = xe(s)
0, otherwise.

A class func on G is a char iff it is a linear combination of the y;s with
non-negative interger coeff(1.14@).
Denote R(G) =Zx1 & ... ® Zxy, and RT(G) = Nx; & ... ® Ny,,.

Artin g

Let X be a family of subgrps of gp G. Let

Ind: €P R(H) - R(G)

HeX

{Xu}pex = Z InngH
HeX

be a homo defined by the family of Ind$. Then the following propertion
are equivalent:

@ G is the union of the conjugates of the subgrps in X. ie., G =

U UgHg™"

HeX geG

@ The cokernal of Ind is finite, i.e., |R(G) :Ind @ R(H)| < cc.
HeX
@ For each character y of G, 3 virtual char yy € R(H), H € X and

an interger d > 1, s.t., dy = > InngH.
HEX

29



2 iR Ao
2.1 HithhE

Def. G is a group and topological space, then G is said to be a topo-
logical group if
w:GxG—G

(g,h) — gh

and

t: G— G

g gt

are continues.

A LA EORIN M )72 Hausdorft ).

2.2 thtbEERBI T

2.2.1 p-adic

(ERiw

2.2.2 AEREREXN BRI SR IMEE, AR PREEX B R B
2.2.3  FhAPERRELBURTHIME, BRI LU AN RS .
2.2.4 R Al C EMATRGER %0 R, C b Abel Bt

2.2.5 ST REERE: BHSRULSEERN: Wbt R® L.

2.2.6 GL,(R) fl GL,(C) #BIEIE B BRSTUIRMMFD: b
2R 8 C L osiling.

HEH AR IRV LR R X R x ... x R it 2 I BUn M 25 1]
JHEN, TR S W FELE RN E] n® AN 4 B S e, T
B FE MR 2 T

IEHR AR R IR S /BT e S i RS, 52/ 42 %%
AR, AP RIS, FTLAX BN R MR T, T
iR RY R C™ 74, ROV RY A1 C i S8R G R
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& (o, Wazsm) R s C i AR BB B B
AR, FreAMefle EEr.
2.2.7 O, ={A€GL,(R)|AAT = I} [EAHHEERE
ks E U fi: M (R) — R, A = (ag5) — ki arar, T2 0, =
=1
_Qvfigl(o)ﬂfijl(l)- 1E R LGRS, fi; LW, NILEBHAE
i#]
P, PHARHG LR S R, T2 O, 12 M,(R) = R [HISE. T z @ =1
i=
M Jaij| < 1,Yi,5, T2 VA € M,(R) = R™, ||A] = maxa;; or (3 afj)%...
A RS EECEY, AEEE U O, A5, ARH, TRE.
2.2.8 S0, = {A € O,|det(A) = 1} FeIRIEAHER BBE.
SRR T A0 1, B L, 4 | I RE S Y
IERL A, WUASCRAR IR A2
ks FEATSIAGE O, B R WSS, 1M SO, &2 {1} mJR
B, BRERME, SO, = O, WHTH, Ml SO, W EHE (BREEEN
MR R B4R Hausdorft 25 [ KB A2 M4 Hausdorff 25[a]
BHTH = WTH)
2.2.9 U, = {A € GL,(C)|AAT = 1} U I R
2.2.10 SU, ={A e U,|det(A) = 1} FrPRPiREEEBE.
2.3 FhFMT R — 2R
(H#1E.P143/2) Let G be a topo gp.
2.3.1 If AC G is open(closed), then Aa,aA, A~' are open(closed)

for any a € G.

Pf.

2.3.2 If A closed, B finite, then AB, BA are closed.

Pf.
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2.3.3 If A is open then AB, BA are open.

Pf.

2.3.4 If A, B are compact, then AB is compact.

Pf.

2.4 hiMERE
2.41 EY
[ Gy — Gy BRI, if BEEEHAL, WRmihas b i Esm
9.
2.4.2 BT

L fiR= Ry, xm f(r) = e ZHMIMERM, Hrb ROZEBOMEHTH
#, Ry 2IESRFCRENTME.
cosf) sinf

2. f:02—>S1,< ) — cos O + isin @ ZFRFNEEFIHA.

—sinf cos6

2.4.3  RAPRERRIE A A PR

ERAEP R THE, AR RRRIYE , MR TR TR
X R IE R T RS A 7.
2.5 R EMAVEBSY

LA B SRF2Y fagf(g) . RIES AR [ f(o)da
o, Haar & du.

2.5.1 EY

WA X G LR SHIESREL f(2) (BF, f: G — R jELE),
B3 [, f(z)de € R (FAE—ASEL, I8 IAFY), W2

(1) gtk [o(af(2) + Bg(x))de = a [, f(z)dz + B [, g(x)da;

(2) IEsEME: # f(x) >0 for Vo € G, W [, f(x)dz > 0. 724 H.
24 f =0;

32



(3) NEVE: X Vg e G, H [, flgr)de = [ f(xg) = [ f(x)dw(FH5E
AR AR A AS S5, o WA G WM gz RS G, 50
P ogry = gra W g7 lgry = g7 gy = 11 = x9);

(4) Btk [, lde = 1GEXWAR WA, IE— TS T A BRAEF
PR &)

(5) A [, f(a™Y)de = [, f(x)dz.

WFFE G FHESE T — AR

2.5.2 HilT
L MTHREE G, fo f(o)dr = g 3 f9) WiR— AR
ge
2. X TP ERIBERE G = S1, 4 [, f(x)de == & [T f(e)df R—
AFASRYY, K f SR
2.5.3 R AERREHE LA BUN IR S 1M A7 fERY.

UEHAAT WL L.S.Pontryagin &, BRI, HLelE (L), dtnt: Bl
HiAE, 1978, P209

2.6 FOFRLMERR
A FRIEF R EA E—FE, R —T.

2.6.1 ©XY

G 25/, V 2Ry F-=50) (F 248 R 8 C). GRTFLERTMER)
[z p: G — GL(V), WHFE (V,p) & G I—4 F-LEFRR, @k G W)
FIR.

A E AR AR RN, FE p SELM. S8 FR,
MRMTAE GAEV B MESNEIEER, B GxV — V 2L,
I WA ERE G RNV ORIESE G-

2.6.2  MARARE
SR 1.2 PAR1.3.
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2.6.3 Schur 5B

St T1.15.

W (Vi,p1) f (Va, po) = BHF G PRI ZY F-3R. N

(1) & [ Vi 8 Vo WAE—3EF GRSy, W f 262k G-Bity; A
Mr Vi Al Vo REEYY (OREIR), W) Home(Vi, Va) = 0.

(2)Homa(Vi, V1) 2t F BRI (IR3F, 2 PMEGHWWAEE, i
PIEVERL Abel B, HFAREAER— . WERFERE ik, RIAH bR
Wi )

(3) % F=C, W Homg(Vy,V1) = Fly, 2 F.

2.6.4  JLAH) L Pl

SRR A RS FRREER, BHNEEE gL ERRER
Fx.

SEREA A 7508 7 T AR AT Y F RO ELAL, SRR 2 S R A
SMIR ISR T 23 7% 10 B L.

F ft% C 8 R, C(G,F) 7 G g F-HEEEmmssm (2
BI117, FEBRLBMEK S, XD SRR G, AR FEHE, %
TR PN B D S B 5, T ELL SR T DA IR S A, 2w
SRR STF R B TREEN). T f.9 € C(G,F), EX
(f,9) = [ f(@)g(@)dz, HATAEMERAREE LW (, ) 22
C(G,F) Lf—AWE, # (f,9) =0 WFK f 5 g 1I£38; #5 (f, f) = 1 WK
f ORI,

336 LR 2 SCRIL TR 58 SUR— 80, M4 g(a) AR g(2)
RS F ORI, SRR X R — B0

[F) R SCRRAE B B AL .

FFARIEL T P276 HETHN.

2.6.5 Peter-Weyl gl

SATHEET R AT S AR A R R I — LA 10 143
I
T
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2.7 SU, M1 SOs3 W& Fm
XA BRI, AN i A UM A58 T3 2EAb ST

2.8 LCA j#mp

5% T Folland 453,
G: Locally Compact Abelian group, Hausdorff

2.8.1 XM Dual group I SURIERE A 0 FIMEEIR 1) SR OGIE
X is said to be a character if xy: G — SY(S' B—MNEHIHIMEE) is a

continuous group homomorphism.

We define the dual group of G, G = {x|x is character of G}. FiF G
(KN G & LCA) Z—AJaB S D/R#E (LCA).

SRR e — AR, YRR S UBHESL. For Vx1, x2 € G, we define
(x1x2)(9) = x1(9)x2(9) and x7'(9) = X1(9) = 175 clearly, x1x2 = X2x1-
@ is a (abelian) group(Ef1A], Zfr, 47 L(HMEAERTRE G T 3Wes] 2 pils
ERRAL 1), A

TEIEE R —NAIMEZ BIRA1ETE G B X— RN, MEIFHHh
Compact-open topology. & H#ifhil 2 & XWFLL @I, 1 &
P& R T (JRIA LR R E). We have group G and we denote
xo(9) = 1, ie., xo € G is the unity of group G. Define U(K,e) =
{X e Gl lx(g9) = xo(g)| < € for any g € K} For any a compact subset K
of G(RE G BT G 2R % BT DAUR AT DABUT &1 % T4E) and
€ > 0, we define U(K, ¢), that is a nbd of xo € G.

Claim. U(K,e) is a nbd base of xo(R[ g & X H O %iilk) and then
define a topo on G.

ol G B ANGHMEE, FESRTMIE b SR R BAE B b LA,
U] A U s e i— 40, WX EE—NTR g, U 2
BILER g I— 4Bk (f (2) = g A LIEESEIURN).

Tl
L. NP2 JEHP S — T DA R & T4E7
2. Z I PAFE B b g SCABSR AR RIS 2 O T2 2 th M AT Fr DAL
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&, NS INEUEEESE T @ Ih  ME A 7 ZERIE SR MR
AT ARET T TR HSURSEIE T B RIIMEA & X T AN
XAPA? 58

3. IS A T, AR, AR T XEZRBFEEAT &
AERRTANARI? TR,

MAEIEE 2 — RN, RPE2 0 AR U s FAa e ey, mde
THFIE T E X o WL, J7ER %, IERASRBURTNER] G x G B3
$haslil G WU AIFBIIRSL. o Gx G = G, (xa,xe) = xaxe -
Need to show that ¢ is continuous. Suppose that x1, — x1 and X2, — X
as k — co(B PR, #irT), then

le(x1, x2)(9) — (X155 X2,8) (9))]
=|xixz '(9) = x1rx21(9)]
=xa(9)x2(9) — x1.6(9)x21(9)]
= x1(9)x2 " (9) = x1(9) X2k (9) + x1(9) X2k (9) — x1.6(9) X524 (9)]
<Ix2(9) = x2k (@) + [x1(9) = x1,6(9)[ = 0, as k — o0

X BRI s JE— ol s

LI X TR 45,
FFHAIE.

Hence, Gisa topological abelian group.

2.8.2  Jaj il EE Pl URBEADU R BEAL Jo 3 5 Bl VLRI

Thml. G is a LCA group.

UERR T DA Banach R8sk C A8 (). T WL 846 P180. fime
4.2( i Ahx HUREREIE S E SO TIE) , BUERSER, Bl niER
INIE.

Sketch of the proof:

TEFAAL B — A~ BT 1

suppose Ky compact nbd of e

suppose W, closed, 1 € W; C S'. W; bounded so W is also compact.
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U (Ko, W1) = {X e Glx(Ko) C Wl} cé.
Need to show U(Ky, W1) is a compact nbd of xo.(FFIEE %)

2.8.3  BEHDRHBERA—AN 3 T SRR R PE R

BRI RS, EMEGHER I

G is a LGA group.

If G is compact, then G is discrete.

@If G is discrete, then G is compact.

Pf. of D:

Denote U = {X € GIx(G) C {Rez > 0}}(U 2 G H S' TR
SHEAER EREE, TRADBE RIERE x: G — ST LR B Y 1
£ x(GQ), XHELIKT % 7] PA). Then U is an open nbd of xq € G. And
then, for any x € U, x(G) is a subgroup of S that contained in {Rez > 0}.
While the only subgroup of S* in {Rez > 0} is {1}. Therefore x(G) = 1,
ie, x =xoand U = {xo}. G is discrete.

e — AR B AR T, AR A — A, TR AN
TE A2 BTHL.

Pf. of @.

Homework

2.8.4 MHEERRBIT

Bl 1. R = {x,(z) = > for some y € R} =R

Pf. x,: R = Sl z — €™ satisfies, OVr1, 22 € R, xy (21 + 22) =
Xy (1) xy(22); @ Xy is continous, which means x,, is a character(#4i2.8.11%
SRS ALRRAE AT A R AE 4 X 38) and then R is the dual group
of R. 0 € R, x,(0) =1 € S* holds for Vy € R.

THAESSHO S A EREE N, BRI R — R 2P, RFIEE
ARG, RIMERARHE x REME 5 tH— 98K r, (515 x(2) = 27,

Because x is continous, there exists a > 0, s.t., [;' x(t)dt = A # 0.(X
AN ST NI R
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Hence x(z) is differentiable:

AX'(z) = x(z + a) = x(z) = (x(a) = 1) (x(2)) .

We have x/(z) = cx(x) where ¢ = % and |x(z) = 1]. Tt follows that
X(@) = €2 for some y € R.(% ELEMAHAHRIGHA.)

Now denote §: R — R,y — x, where x,(z) = ¢>™*¥. We know that d is
an isomorphic of topo gps. [because: 6(x +y)(t) = Xaty(t) = 3(x) (1) (y)(¢)
holds for ¥t € R so §(z +y) = 0(z)d(y) and ¢ is continous and ¢ is a

bijecture. ]
2. Z={x:Z— S"|x(k) = > for some 0 < x < 1} 2 R/Z
3. p: R— Stz 2™ pisagphomo. Kerp = {z € R|e*™* =1} =

R/Z = S*.
R/Z = {x(z) = *™** for some k € Z} = Z
Bil 3 A REE—
2.8.5 Pontryagin Duality g X
G is a LCA group, denote the map, for any = € G,
0: G— é
T 0y

where 0,: G — S, 6,(x) := x(z) for any x € G.

2.8.6 Pontryagin Duality A%

0 is an isomorphism, i.e., é ~G.
Pf. JeRIEx R X (2.8.1) Biilg—1 o, Fo LIRS, M

~

HRRARAE, MITTBTA A G ihSEssR G X
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\ - A 2.8 ik XHBREG R BRI ZE
BRI F . For Vx1, x2 € G, we have 59:(X1X2) = (X1X2)(x) = = =

x1(@)xa2(z) = 6,(x1)04(x2), i.e., 0, is a gp homo from G to S'.

HR IR IELEN). If x — x as k — oo, then yi(z) — x(z) for any
x € G as k — oo (pointwise convergent). It follows that 0, (xx) — 0.(x) for
any x € G as k — oo. Hence, x, is continuous. And so §, € é

BRI R OBU). RAFUER T 4.

@0 is a gp homomorphism, i.e., §,, = 0,6,. For any x € G, we have
by () = () 2EEEE x(2)x(y) = 8. ()3, () ZEEREEE (5,6,)(x),
Hence 0,y = 0,0,.

@0 is continuous. HW. See, 22 5#%, P79, prop3.15.

@) is injective.

@®4(G) is dense and closed in G.

i id: FEmAERRERREE T A7 HIMNIRIL T, BB
.

2.8.7 Pontryagin Duality Hj#] -
ity ETHIHIT2.5.4
R~R=R.
R/Z~7 ~R/Z =S

2.8.8 {HH A8t Fourier transform

W 5.23, 11: 47, 12

2.8.9 Plancherel formula

GRS PR RS DI B2 — ARG, DL 5.23, 11: 47-11: 59, 1314.
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